A new method to model the stress-strain relationship in two dimensions is proposed which is particularly suited for analyzing nearly incompressible materials, such as soft tissue. In most cases of soft tissue modeling, plane-strain is reported to approximate the deformation when an external compression is applied. However, it is subject to limitations when dealing with incompressible materials, for example when solving the inverse problem of elasticity. We propose a novel 2D model for the linear stress-strain relationship by describing the out-of-plane strain as a linear combination of the two in-plane strains. As such, the model can be represented in 2D while being able to explain the three dimensional deformation. We show that in simple cases where the applied force is dominantly in one direction, one can approximate the sum of the three principal strain components in a plane by a scalar multiplied by the out-of-plane strain. 3D finite element simulations have been performed. The proposed model has been tested under different boundary conditions and material properties. It is seen that the model parametrization is mostly affected by the boundary conditions, while being relatively independent of the underlying distribution of the Young's modulus. As an example, an application to the inverse problem of elasticity is presented where a more accurate estimate is obtained using the proposed dilatation model compared to the plane-stress and plane-strain models.
Introduction
Numerical modeling of the deformation of an elastic body in three-dimensions (3D) at a high resolution is computationally expensive. Different methods of approximating the medium deformation in two-dimensions (2D) are often employed to simplify the constitutive equations of linear elasticity. The standard 2D forms of such approximations include the well-known plane-strain and plane-stress models.
It is commonly known that the plane-strain model yields a realistic approximation of the deformation of a body with a relatively large thickness. This is particularly true if the applied force is primarily in a direction orthogonal to the body's thickness. When the thickness of the material is small relative to the other two dimensions, the planestress model can approximate the deformation more accurately. In the simulations of soft tissue deformation, the plane-strain model is often used to solve the forward problem of elasticity with known boundary conditions in order to find the displacements in the medium [Skovoroda et al., 1995] . However, numerical simulations of incompressible materials, when performed in 3D or under plane-strain approximation, often result in numerical instability. Finite element analysis in such cases produces element locking if the Poisson's ratio (ν) is sufficiently close to 0.5 and the resulting displacements will be incorrect [Cook et al., 1989] . The mixed displacement-pressure formulation is one way to address the issue of element locking due to incompressibility [Zienkiewicz and Taylor, 2000] . The plane-stress state exhibits less sensitivity to incompressibility of the medium, since the dependence on (1 − 2ν) is eliminated [Cook et al., 1989] .
Having a proper 2D model is particularly important when solving the inverse problem of elasticity in nearly incompressible materials. A major example of the elasticity inverse problem is the new medical imaging technique called elastography. It is known that many lesions exhibit a higher elasticity compared to the surrounding. In elastography the displacements in soft tissue are measured after a compression has been applied and the mechanical properties of the underlying tissue are consequently inferred from the displacements by solving an inverse problem [Ophir et al., 1991, Kallel and Bertrand, 1996] . Generally, all three components of the displacements are required to reconstruct the map of elasticity [Raghavan and Yagle, 1994] . The displacements can be measured by ultrasound or magnetic resonance imaging (MRI) [Lerner et al., 1988 , Ophir et al., 1996 , Muthupillai et al., 1995 . In many applications, especially those with ultrasound as the imaging modality, only two components of the displacements are available on a single plane and the inverse problem has to be solved for the unknown elasticity parameters within that plane. Since most ultrasound machines provide 2D images of the tissue, it is difficult to obtain 3D displacement maps with a high accuracy in the out-of-plane direction [Pospisil and Rohling, 2009] . The objective, here, is to use the measured 2D displacements on a single plane to reconstruct the distribution of the mechanical parameters, such as Young's modulus. While plane-strain has been the preferred model for this purpose in pioneering work [Skovoroda et al., 1995 , Kallel and Bertrand, 1996 , Bishop et al., 2000 , Barbone and Bamber, 2002 , the solutions to the inverse problem were highly sensitive to noise and thus inaccurate in rendering the elasticity contrast [Steele et al., 2000] . The constraint that the plane-strain assumption imposes on the two in-plane primary strains to produce a zero sum, causes instability in the solution when the measured displacements are noisy.
In recent years, the finite element inverse problem of elasticity in 2D is mostly being tackled using a plane-stress assumption [Eskandari et al., 2008 , Barbone et al., 2008 . The relatively restrictive constraint on stress to be planar has been mitigated in a model proposed in [Ye, 1997] , where the out-of-plane stress is assumed to be a spatially harmonic function. This model is a generalized formulation which results in the planestress model in a special case if the spatial harmonic variation of the out-of-plane stress is zero. Despite being more versatile than plane-stress, the model suffers from the same numerical instability issues as plane-strain, such as element locking for incompressible materials.
2D plane-strain and plane-stress models, respectively, assume zero strain and zero stress in the out-of-plane axis. However, neither of such quantities typically vanish in a finite medium. In this paper, we propose a 2D elasticity formulation where the out-ofplane strain is modeled as a linear combination of the two in-plane strains. As such, the model can be represented in 2D while being able to account for the 3D deformations. The goal is to demonstrate the flexibility of the proposed 2D formulation in modeling various boundary conditions. It will be shown that if the applied force is dominantly in one direction, the sum of the principal strains can be approximated as a scalar multiplied by the out-of-plane strain. The change in volume, which is equal to the sum of the principal strain components, is called dilatation. When the medium is incompressible, the proposed model forces the dilatation to be zero; thus volume change will not be permitted. This model can be used in the inverse problem of elasticity to regularize the sensitivity to the displacement noise and to obtain more flexibility in modeling various boundary conditions. The theory and the proposed parameterization of dilatation is presented in sections 2 and 3. First, a double-parameter model is proposed in section 3.1 which is shown to be able to model various boundary conditions. Due to the ill-posed nature of the doubleparameter model, a simplified single-parameter model is further introduced in section 3.2 which is studied in the remainder of the paper. The effect of material properties and inhomogeneities on the model parameter is studied through finite element analysis of a simulated block of material. It will be shown in section 4 that the dependence of the model parameter on the material inhomogeneities is negligible. However, depending on the boundary conditions, the model parameter can be selected appropriately in different regions such that a more accurate 2D model is obtained. An example application to the inverse problem of elasticity is presented in section 4.3.
Background
The infinitesimal strain-displacement relationship is as follows:
where ϵ ij is the strain tensor in 3D, u i is the i th component of the displacement vector and ∂x i is the spatial gradient in the direction x i .
For a linear isotropic elastic medium, strain and stress are related:
where σ ij is the stress tensor, δ ij is the Kronecker delta function and λ and µ are the Lamé constants. µ is also known as the shear modulus. The summation convention is used over repeating indices; hence ϵ kk = ϵ xx + ϵ yy + ϵ zz is called dilatation. For an isotropic medium, the stress and strain tensors will be symmetric and equation (2) can be expressed in the matrix notation:
The Young's modulus or elasticity (E) and the Poisson's ratio (ν) are related to the Lamé constants [Zienkiewicz and Taylor, 2000] . For physical materials, ν < 0.5. The directions x i (i = 1, 2, 3), in (2) have been substituted by x, y and z in (3). Note that equation (3) has a singularity at ν = 0.5 which makes it challenging to analyze tissues that are arbitrarily close to the incompressibility condition. At near incompressibility where ν is close to 0.5, λ in (2) is a very large number that is multiplied by the dilatation, ϵ kk , which is approximately zero. The result of this multiplication is often a finite quantity and must be handled with care, especially for shear or Young's modulus reconstruction.
Dilatation Model
Simplifying the problem and modeling it in 2D requires certain assumptions on the 3D strain or stress components. In an incompressible material, the local volumetric changes after deformation should be zero. This requires the dilatation, which is the sum of the principal strain components, to be zero. Therefore, when using a plane-strain model for incompressible materials, the sum of the two in-plane principal strains should be zero. However, this condition is often violated in the existence of displacement noise, since even a small amount of noise is further amplified in the strain calculation because of spatial differentiation.
A new parametrized formulation of quasi-static dilatation is proposed in this section. The goal is to make this formulation less dependent on the variations in the Young's modulus and only dependent on the boundary conditions, so that a model can be constructed without knowing the possible inhomogeneities in the underlying material. This enables an improved 2D finite element representation of the 3D displacements under known boundary conditions. Once the model is constructed, it can be used to solve the forward problem given the Young's modulus distribution or to solve the inverse problem given the 2D displacements.
Double-Parameter Model
One can approximate the small dilatation in nearly incompressible materials as a function of the other two strain components. Complete incompressibility requires dilatation to be zero, i.e. ϵ kk = 0. As a first step, let us consider the following parameterization for dilatation:
where α z and β z are the parameters of the model and the index z indicates that ϵ zz is modeled based on ϵ xx and ϵ yy . Depending on the boundary conditions, the dilatation can be parameterized using any components of the strain tensor, in which case α and β should take the index of the third strain component. With this formulation, dilatation or volume change will be zero when ν = 0.5. Below, the values of α z and β z are given for some special cases:
, it will be trivial to show that equation (5) simplifies to ϵ zz = 0. Hence, this special case results in the plane-strain state.
(ii) plane-stress
, one can use (3) to compute σ zz and substitute from (5) to verify a plane-stress condition:
Note that as ν approaches 0.5, the term in the square brackets is identically zero, thus σ zz =0. 
(iii) long cylinder
For a narrow cylinder along the y axis with a small cross-section that is compressed in the y direction, the Poisson's ratio is defined as ν = −ϵ xx /ϵ yy = −ϵ zz /ϵ yy . One can mimic this situation by setting, α z = 0 and β z = 1. Likewise, having α z = 1 and β z = 0 will model a long cylinder along the x axis.
(iv) zero dilatation Although ν = 0.5 indicates that the medium is incompressible, setting α z = β z = 0 will force the dilatation to be zero, thus no volume change will be permitted in the medium.
The exemplary conditions discussed above are depicted in Fig. 1 as a function of parameters α and β. Compared to (5), the index z is dropped from α and β, denoting that the parameterization can be in any direction. These parameters can be chosen based on the boundary conditions, so that the 2D model can more effectively represent the state of the deformation. The 2D matrix relation between strain and stress can be obtained by inserting from (5) into (3):
which is a 2D representation of the 3D deformation. For the viscosity formulation, we have shown in [Eskandari et al., 2008] that by assuming zero bulk viscosity, the viscous stress and the strain-rate have the following relationship: 
where η is shear viscosity. Assuming the same model as (5) for a dynamic deformation,
Finally,ε zz in (8) can be substituted into (7), and noting that ν ≈ 0.5 for nearly incompressible materials, the following 2D relationship is obtained:
A dynamic finite element model can be constructed, and the stiffness and damping matrices can be derived by integrating (6) and (9) inside each element with proper shape functions [Cook et al., 1989] .
Single-Parameter Model
In section 3.1, it was shown that various boundary conditions can be modeled using the double-parameter dilatation model. However, it would be impractical to have control over two parameters under different loading and boundary conditions. α and β are very sensitive to the boundary conditions. It can be seen in Fig. 1 that in common situations such as plane-strain and plane-stress, the two parameters are equal. Setting the two parameters equal, we further propose the following single-parameter (γ) dilatation model in order to simplify and eliminate some of the 3D constitutive equations:
Note that similar to (5), the index z indicates that ϵ zz is modeled based on ϵ xx and ϵ yy .
Parameters γ x and γ y can be defined in a similar way. From the discussion presented earlier, one can see that the above model represents the plane-strain condition when γ z = 1/(1−2ν), and a plane-stress state can be modeled by choosing γ z = 1/(1 − ν). Also, γ z = 0 enforces zero dilatation, thus no volumetric change would be permitted. The stress-strain relationship can be described as follows:
which can be separated into two terms:
where the first term on the right denotes the effect of the model parameter, i.e. γ z , and the second term is due to complete compressibility. The viscosity matrix will be the same as in (9) and independent of the parameterization, as long as the medium is close to being incompressible. In section 4, we will study the dependence of the model parameter on the Young's modulus distribution, the Poisson's ratio and the boundary conditions.
Numerical Simulations
Finite element simulations were performed in ANSYS (ANSYS Inc., Canonsburg, PA) to study the variations of the parameter γ in (10) under various boundary conditions and with different material properties. The goal was to verify that γ has negligible dependence on the material properties and inhomogeneities and is primarily determined by the boundary conditions. A 3D medium extending 3cm × 5cm × 4cm, respectively in the x, y and z directions was meshed with 10-node tetrahedral elements. A spherical inclusion with 1cm of diameter was placed in the center of the phantom. The background Young's modulus was 10kPa and that in the inclusion was variable which could be set to 10kPa (the case for no inclusion), 30kPa or 50kPa. The Poisson's ratio was also varied between 0.45, 0.47 and 0.49. The Poisson's ratio was chosen sufficiently close to 0.5 to approximate a nearly incompressible condition while avoiding numerical instabilities in the finite element analysis.
The geometry that was used for the numerical simulations was a simplified model of soft tissue in the human body with an inclusion mimicing a possible lesion which is often stiffer than the background tissue. In this analogy, the modeled soft tissue can be human breast [Sinkus et al., 2005] , prostate [Salcudean et al., 2006] , liver [Palmeri et al., 2008] , kidney [Amador et al., 2009] , etc.
To demonstrate how the dilatation in (10) vanishes when the Poisson's ratio approaches 0.5, the block in Fig. 2 was compressed with a large plate that covered the entire top surface of the phantom, while the bottom was fixed. The Young's modulus in the inclusion was set to 30kPa. Two values of the Poisson's ratio were tested, i.e. 0.45 and 0.49. The dilatation was calculated in the medium by summing the three principal strain components. Fig. 3 shows the results for the middle plane in x, where x=0. The axial strain when ν=0.49 is shown in Fig. 3(a) . The average dilatation decreases as the Poisson's ratio increases from Fig. 3(b) to Fig. 3(c) , indicating that the volumetric changes are smaller at a higher value of Poisson's ratio. The estimated γ z in the middle plane is also shown in Fig. 3 (d) and 3(e), where equation 10 was used to calculate γ z at every point in the plane
The numerical errors in the form of outliers are visible in the γ z images, especially for the more incompressible case, at the boundaries of the inclusion. This error can be partially associated with the finite difference method of calculating the strain and ill-posedness of the finite element analysis at near incompressibility. However, more importantly, the term (ϵ xx + ϵ yy ) in (10) is very small in those areas which makes the calculation of γ z inaccurate. This might be due to the limited signal-to-noise ratio of the displacements which are interpolated on a finer grid than the original FEM analysis.
The median values of γ z in the medium corresponding to Figs. 3(d) and 3(e) are respectively 1.82 and 1.96, which means that a plane-stress deformation is observed in the majority of the points in the middle plane. Nevertheless, near the bottom where the points are fixed from any movement, γ z is very large and the deformation is close to plane-strain. Note that γ z = 1/(1 − ν) for plane-stress and γ z = 1/(1 − 2ν) for plane-strain. Therefore, ideally γ z is equal to 1.82 and 10 for ν=0.45 and equal to 1.96 and 50 for ν=0.49, for the plane-stress and plane-strain conditions, respectively. These results are summarized in Fig. 3 . The ideal cases for plane-stress and plane-strain are also included in the table. inclusion. This hypothesis will be explored in this section, the validity of which will indicate that the proposed model is suitable for various conditions regardless of the underlying distribution of the mechanical properties.
Variation of γ with Mechanical Properties
In another simulation, slip boundary conditions were assumed at the bottom while the medium load was compressing the top of the phantom. Three different values for the Young's modulus in the inclusion were tested while the Poisson's ratio was fixed at 0.49. Figure 4 shows the estimated γ z in the x = 0 plane, where relatively small variations are observed, mostly at the edges of the exciter. The change of γ z by depth at the middle line (x = 0, z = 0) is shown in Fig. 4(d) . A large γ z is observed close to the exciter, while only slightly lower values are seen inside the inclusion compared to the background. One can deduce from these figures that the dependency of γ on the boundary condition is more significant than its dependency on the material inhomogeneity.
As noted before, the sharp changes around the inclusion and at the edges of the exciter can be associated with the numerical errors in the calculation of strain. In the finite element simulations, the displacements were initially calculated on a grid of tetrahedral elements of approximately 2mm in size. Next, they were interpolated on a finer (0.25mm) and uniform grid in order to calculate the strains. This introduces discretization error which is the cause of the large variations at the inclusion interface. It should be noted that the term (ϵ xx +ϵ yy ) is also very close to zero, introducing another numerical singularity in the calculation of γ z from (10).
The median value of γ z for the no-inclusion case is 1.81. With the 30kPa inclusion, the median inside and outside of the inclusion is 0.92 and 1.83, respectively. With the 50kPa inclusion, these numbers are 0.81 and 1.83 respectively. Given that γ for planestress deformation in this case is 1.96, one can conclude that the overall deformation is very close to plane-stress and the variation inside the inclusion is negligible compared to that close to the fixed boundaries.
The dependence of the proposed model on Poisson's ratio was partly investigated in Fig. 3 . To further see the effect of different values of Poisson's ratio on γ, the same configuration as the previous test was repeated. In this test, the Young's modulus in the inclusion was assumed to be 10kPa, hence the medium was homogeneous. The Poisson's ratio varied between 0.45, 0.47 and 0.49. Fig. 5 shows the median of γ z in various planes. The volumetric median of γ z is 1.81, 1.88 and 1.95, for the respective values of Poisson's ratio. The curves in Fig. 5 would look differently if different boundary conditions were applied. The cases that were presented here had relaxed boundary conditions from the bottom and the sides. The dependency of γ on the boundary conditions can be observed in this figure by noting the higher value of γ z closer to the periphery of the phantom. In the next section we will explore how boundary conditions and exciter dimensions affect In (a) the load covers all the top surface. A uniform compression with a medium-sized load is applied in (b) and a point load is applied in (c). Note that the colorbar range is different in this figure compared to the other figures in the paper, so that the dynamic range of γ z can be fully captured.
the state of the deformation, and consequently the value of γ.
Variation of γ with Boundary Conditions
Three different loading conditions are explored. First, the size of the plate is increased from the point load to the medium load and then to the large load. For this purpose, a homogeneous medium was modeled with ν=0.47. A slip boundary was considered at the bottom of the phantom. In the case of the large load, the deformation is uniform and the estimated γ z is almost uniform in the entire medium ( Fig. 6(a) ) and close to plane-stress. As the size of the load decreases, the median of γ z decreases especially underneath the load. Figures 6(b) and 6(c) show that for the loads that do not cover the entire top surface, the γ z parameter approximates plane-strain at the boundaries of the load, while it gets close to plane-stress at regions that are relatively farther from the load. The images in Fig. 6 , use a range between 0 and 20, while the minimum and maximum values of γ z fall beyond this range. For instance, for the medium load and the point load, the values of γ z are negative near the top right and left corners which have been clipped to zero. Next, the effect of having a slip versus a fixed boundary condition at the bottom is explored and the behavior of the model is analyzed when the phantom is confined from bulging in one direction. The boundary conditions that are considered in this test are shown in Fig. 7 . The block, having ν=0.47, was compressed from the top using a medium load. An inclusion with E=30kPa was assumed. First, a slip condition was assumed at the bottom, as shown in Fig. 7(a) . Next, as depicted in Fig. 7 (b) the entire bottom surface was fixed from movement in any direction. Lastly, with the bottom fixed, two walls were placed to prevent the x=-1.5cm and x=1.5cm planes from bulging in the x direction while they were allowed to slip in the y-z plane. The cross-sectional views of the calculated γ z for these cases are shown in Figs. 7(d), 7(e) and 7(f), respectively. It can be seen that the first situation mostly corresponds to a plane-stress deformation throughout the block, except at the top, close to the exciter. When the bottom was fixed, but the phantom was allowed to bulge from the sides, the measured γ z is close to that of plane-stress in most of the block except for the corners of the exciter and the proximity of the fixed bottom which acts similarly to a plane-strain state. A similar image is obtained when the phantom is confined from two sides.
The dilatation can be modeled in terms of any two components of strain. The crosssectional views of the reconstructed γ x for the aforementioned boundary conditions are shown in Figs. 7(g), 7(h) and 7(i). Here, dilatation is modeled in terms of ϵ yy and ϵ zz , thus γ x is displayed. Compared to γ z in Fig. 7(f) , γ x has higher spatial variations in the case where the medium is constrained with two walls. As seen in Fig. 7(i) , the pressure distribution in the last case is more complicated, although it can be modeled as planestrain in the bottom half of the block. From Fig. 7 (c) one can correctly conclude that ϵ xx is smaller than the other two components, and thus suppose that a state of plain-strain in the γ x image should be the best 2D approximation of the model. However, note that the sum of (ϵ yy + ϵ zz ) is also small and comparable to ϵ xx which makes a plane-strain model inaccurate in this case. That is why Fig. 7(i) shows high variations in γ x . In addition, the medium is under external pressure from the x and y directions, while there is no source of external pressure in the z direction. As a result, the z component of stress will be significantly lower than the other two components and γ z represents an average state of plane-stress in Fig. 7(f) .
Application to the Inverse Problem of Elasticity
One of the immediate applications of the proposed dilatation model is solving the inverse problem of elasticity when only two components of the displacement vector are available. To show the improvement of the new model over the conventional 2D models, the displacements obtained from the case presented in Fig. 7 (e) were used to estimate the elasticity or the Young's modulus distribution. The x and y components of the displacements in the 2D cross-section at z=0cm are displayed in Fig. 8(a) and 8(b) along with an image of γ z in that plane (Fig. 8(c) ). The γ z image has been median filtered in order to remove the outliers caused by the singularities discussed earlier in the paper. However, it would not be feasible to know the exact distribution of γ z a priori, when solving the inverse problem. Hence, we divided this image into two segments with low and high values of γ z as shown in Fig. 8(d) . One region included all the points at which γ z ≤ 3 and the other region included the points with γ z > 3. The mean of γ z in the first region is 1.87 and that in the second region is 9.72. These values were assigned to the corresponding pixels in each segment. It can be seen that the two segments are determined by the proximity to the boundary constraints. Fig. 8(d) was used in the inverse problem as an approximate distribution of γ z in the plane.
The inverse problem was solved using the method introduced in [Eskandari et al. , Figure 7 . Studying the effect of various boundary conditions on γ. The inclusion is three times stiffer than the surrounding material. The schematics of the simulation and the cross-sectional views of γ z and γ x are shown in the upper, middle and lower rows, respectively. A medium load compresses a homogeneous block of a simulated phantom from the top. Cases (a,d,g): slip boundary conditions are assumed at the bottom, while the sides are free to move. Overall, a state close to plane-stress is observed except in the proximity of the load. Cases (b,e,h): the bottom of the phantom is fixed from any movement, but the sides are free to move. The deformation is close to plane-stress, except at the bottom which is close to plane-strain and in the vicinity of the load. Cases (c,f,i): the bottom is fixed and the two sides at z=-2cm and z=2cm planes are free to bulge, but the sides at x=-1.5cm and x=1.5cm are not allowed to bulge in the x direction. Slip conditions are assumed at the side walls in the latter case. γ z provides a better 2D model with less variation than γ x . Given the 3D deformation, the computed γ z is depicted in (c) which is segmented into two distinct regions in (d). The inverse problem was solved and the relative values of Young's modulus were estimated using the assumption of (e) plane-stress deformation, (f) plane-strain deformation, (g) actual γ z , and (h) segmented γ z .
2011] and summarized in Appendix A. Because the excitation was static and forces were unknown, only a relative measurement of the Young's modulus was possible. As described in [Eskandari et al., 2011] , a quadratic functional was defined with the parameters being the Young's moduli of the elements. The inverse problem was defined as finding the Young's modulus parameters of the elements such that this quadratic functional was minimized, subject to some conditions on the parameters. The lower bound of the elasticity parameters was assumed to be 1kPa and the upper bound was assumed to be 200kPa. Because only relative reconstruction was possible, the images were normalized with respect to the mean of the estimated Young's modulus in the background. The inverse problem was solved in 2D using four different assumptions. First, the elasticity was estimated under a plane-stress assumption as shown in Fig. 8(e) . Next, a plane-strain assumption was made and the elasticity was reconstructed as in Fig. 8(f) . Using the actual distribution of γ z as in Fig. 8(c) Table 2 . Mean, variance and contrast-to-noise ratio (CNR) of the estimated elasticity for the four models that were used to solve the inverse problem of elasticity in Fig. 8 . Indices 1 and 2 refer to the background and inclusion, respectively.
relative values of the Young's moduli were obtained as displayed in Fig. 8(g) . Finally, the segmented map of γ z in Fig. 8(d) was used to solve the inverse problem and the result is depicted in Fig. 8(h) . In the last case, the segmented γ z image in Fig. 8(d) was slightly smoothed prior to solving the inverse problem, in order to avoid the ringing effects in the final result, caused by the sharp spatial changes. Due to the resource intensive computations of the inverse problem, the high resolution displacements were first downsampled by a factor of 3 in each direction in all four cases, which is one of the reasons that the ideal case represented in Fig. 8(g ) does not show zero variance within the inclusion or the background. Table 2 summarizes the mean and the variance of the estimated parameters in the inclusion and in the background. Also, the contrast-tonoise ratio (CNR) of the estimated elasticity is given in that table. If the mean and variance of the estimated elasticity in the background are respectively m 1 and v 1 , and those in the inclusion are m 2 and v 2 , the CNR is defined as follows [Bilgen and Insana, 1997] :
The value of CNR is invariant to scaling. If the two regions are perfectly delineated in the reconstructed image and the image artifact is small, the value of CNR will be high. From Fig. 8 and Table 2 it is clear that using the dilatation model improves the inverse problem significantly. Knowing that the inclusion is three times stiffer than the background, the dilatation model with actual or segmented distributions of γ z yields more accurate estimates of the elasticity ratio compared to conventional 2D models. Also, the higher CNR of the estimated elasticity when a dilatation model is used is primarily due to less artifacts around the boundaries of the image.
As noted in the Section 1, the inverse problem of elasticity is poorly conditioned in the plane-strain state for nearly incompressible materials. The previous example demonstrated a situation which was closer to plane-stress than plane-strain in most of the medium. To investigate a situation closer to plane-strain, the data from Fig. 7 (i) has been used to solve the inverse problem. Due to the side constraints in the x directions, the y-z plane at x = 0 experiences a condition close to plane-strain. The distribution of γ x within that plane for the case that there is a 30kPa inclusion is shown (f) Figure 9 . Application of the dilatation model to the inverse problem of elasticity for a constrained medium with an inclusion as in Fig. 7 (i). The measured γ x for the case where a hard inclusion exists in the medium is shown in (a). This is considered as the actual distribution of γ x . For a homogeneous medium γ x is shown in (b) which is herein referred to as approximate γ x . The inverse problem was solved and the relative values of Young's modulus were estimated using the assumption of (c) plane-stress deformation, (d) plane-strain deformation, (e) actual γ x , and (h) approximate γ x for a homogeneous medium.
in Fig. 9(a) . This distribution will be called actual γ x . The same parameter for the case of a homogeneous medium, where there is no inclusion, is depicted in Fig. 9 (b) and will be called approximate γ x . The inverse problem was solved with plane-stress and plane-strain assumptions, respectively in Figs. 9(c) and 9(d). Also, the reconstruction using the actual and the approximate distributions of γ x are shown in Figs. 9(e) and 9(f), respectively. The CNR values of the reconstructed images are listed in Table 3 . Plane-strain yields a higher CNR due to this case being closer to its assumption. Nevertheless, the condition cannot be perfectly approximated neither by a simple plane-strain model nor by a dilatation model because of the substantial shear strains in the medium. Specifically in the proximity of the exciter, such effects are considerable which cause imperfect estimation of the elasticity. By comparing Figs. 9(a) and 9(b), it is noted that in this situation the distribution of γ x is not entirely independent of the location of inclusion in the medium, which is why the image in Fig. 9 (f) has a considerably lower CNR value. As mentioned above, the ill-conditioning of the problem under such over-constrained boundary conditions resulted in less accurate reconstructions compared to those in Fig. 8 Table 3 . Mean, variance and contrast-to-noise ratio (CNR) of the estimated elasticity for the four models that were used to solve the inverse problem of elasticity in Fig. 9 . Indices 1 and 2 refer to the background and inclusion, respectively.
such a geometry can be more accurately modeled in the x-y plane rather than the zy plane using the proposed dilatation parameterization. This example demonstrates that the numerical instability of the inverse problem is not fully mitigated for nearly incompressible materials undergoing a plane-strain deformation.
Discussion
A dilatation-parameterized model has been presented in this paper in the context of nearly incompressible materials, since the conventional 2D models have significant drawbacks at near incompressibility, e.g. soft tissue modeling. For example, the plane stress model does not provide a realistic approximation for the forward problem of calculating soft tissue deformation and plane-strain causes singularity close to incompressibility. The proposed model bridges these two states to provide a more efficient deformation model. The same model can be used for compressible materials to achieve a more accurate 2D deformation modeling compared to the conventional 2D models. The theory and the simulations were presented based on a static deformation model. However, the same parameterization scheme can be applied to the more general dynamic case and the elastic wave equation as long as the dilatation approaches zero when ν ≈ 0.5. This condition is satisfied if viscosity and damping effects are negligible in the medium.
We first motivated the idea of dilatation parameterization based on a doubleparameter model in section 3.1. A simpler model was then derived in section 3.2 which was based on using a single parameter to describe the dilatation. In the examples demonstrated in this paper, γ did not exhibit a singular behavior in its dependence on the boundary conditions; such as a sudden change when the boundary conditions were incrementally varied. In fact, we had observed that with the double-parameter model in (5) to parameterize the dilatation, α and β will be very sensitive to the changes in the boundary conditions and the material properties. One can use the same simulation platform in section 4 to investigate this sensitivity. Therefore, we defined a singleparameter model in (10) to overcome the ill-posedness of the double-parameter model.
Modeling the deformation of elastic bodies in two dimensions has been mostly limited to the two extreme cases of plane-strain and plane-stress. However, except in rare situations, these models only provide marginally acceptable results. The dilatation parameterized model that is proposed in this paper introduces a parameter that linearly correlates the out-of-plane strain with the other two primary strain components. As such, the proposed dilatation model represents plane-strain and plane-stress as special cases, while being able to model a wide range of boundary condition configurations. Unlike Poisson's ratio, the dilatation model parameter (γ) appears linearly in the finite element equations, making it possible to estimate it using linear parameter identification methods in the context of inverse problem.
Despite being a generalized version of the plane-strain and plane-stress models, the proposed dilatation model is an approximation of the 3D deformation; for instance it does not account for the out-of-plane shear strain and stress relationship in the medium. This effect would be more evident in non-symmetric situations. In the inverse problem example, the shear components of strain are relatively higher closer to the top and bottom boundaries. As a result, the elasticity values overall and the average background elasticity in particular are both under-estimated since the model cannot account for the out-of-plane shearing effects, despite its improved in-plane parameterization. The ratio of the elasticity in the inclusion to background would be closer to the actual value of 3 if background elasticity were considered only within an area around the inclusion in Fig.  8(g) .
As an example for the application of the proposed method, the dilatation model has been used to solve the inverse problem of elasticity in Section 4.3. Generally in ultrasound elastography, only one or two components of the displacements are measured on a single plane. Therefore, in most situations it is impracticable to obtain the z component of the displacements inside a volume in order to calculate ϵ zz and consequently γ z from (10). Moreover, if all three components of the displacements are available, then there is no need for a 2D approximation of the continuum and the inverse problem can be solved in three dimensions. The real advantage of the dilatation modeling is in cases where the same experiment is repeated for the same or similar geometries. For this purpose, an atlas of human body can be formed that would be able to model various shapes, sizes and boundary conditions. This atlas can be used to compute γ for a specific experimental setting. For example, if 2D elastography of a patient's breast is to be carried out, the atlas model will be simulated to estimate the γ distribution on the desired plane. Then, the inverse problem is solved using this γ and the ultrasound measurement of the displacements on that plane. In more specific situations, a reference experiment can also be performed with magnetic resonance elastography (MRE) which, although slower than ultrasound, can yield the entire displacement vector in a volume. After γ has been measured with MRE, it can be used to improve ultrasound-based reconstruction of Young's modulus on the same plane for different patients with similar anatomy.
Appendix A. Solving the Inverse Problem of Elasticity Using a Quadratic Functional
The finite element forward problem of elasticity involves solving for the displacements u, using the stiffness matrix (K) and the vector of the boundary forces (f ):
If the non-zero boundary force entries and the corresponding rows from K are removed, one gets:K
In linear finite elements, the entries of K and henceK are linearly dependent on the Young's moduli of the elements, i.e. e i . It can be shown that equation (A.2) can be rearranged to have the element elasticity vector (e) multiplied by a model matrix (A) which is determined by the model geometry, Poisson's ratio and displacements:
Here, e can be estimated by minimizing the Euclidean norm, ∥Ae∥ 2 , which is a quadratic function of the elasticity parameters. This minimization problem does not have a unique solution; thus one has to assume some inequality or equality constraints to solve for the optimal e. Under such assumptions, the following minimization problem is solved: where A ie and b ie define the inequality constraints and A eq and b eq define the equality constraints.
